Abstract. Numerical evidence suggests that for only about 2% of pairs p, p+2 of twin primes, p+2 has more primitive roots than does p. If this occurs, we say that p is exceptional (there are only two exceptional pairs with 5 p 10,000). Assuming the Bateman-Horn conjecture, we prove that at least 0.47% of twin prime pairs are exceptional and at least 65.13% are not exceptional. We also conjecture a precise formula for the proportion of exceptional twin primes.
Introduction
Let n be a positive integer. An integer coprime to n is a primitive root modulo n if it generates the multiplicative group (Z/nZ) × of units modulo n. A famous result of Gauss states that n possesses primitive roots if and only if n is 2, 4, an odd prime power, or twice an odd prime power. If a primitive root modulo n exists, then n has precisely ϕ(ϕ(n)) of them, in which ϕ denotes the Euler totient function. If p is prime, then ϕ(p) = p − 1 and hence p has exactly ϕ(p − 1) primitive roots.
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If p, p + 2 are primes with p 5 and ϕ(p − 1) < ϕ(p + 1), then p is exceptional. We do not regard p = 3 as exceptional for technical reasons. Let π e (x) denote the number of exceptional primes p x; that is, π e (x) = # p x : p and p + 2 are prime and ϕ(p − 1) < ϕ(p + 1) .
Computational evidence suggests that approximately 2% of twin primes are exceptional; see Table 2 . We make the following conjecture.
Conjecture 1.
A positive proportion of the twin primes are exceptional. That is, lim x→∞ π e (x)/π 2 (x) exists and is positive.
We are able to prove Conjecture 1, if we assume the Bateman-Horn conjecture (stated below). Our main theorem is the following. Theorem 1. Assume that the Bateman-Horn conjecture holds. (a) The set of twin prime pairs p, p + 2 for which ϕ(p − 1) < ϕ(p + 1) has lower density (as a subset of twin primes) at least 0.47%.
(b) The set of twin prime pairs p, p + 2 for which ϕ(p − 1) ϕ(p + 1) has lower density (as a subset of twin primes) at least 65.13%. Table 2 . The first 100 exceptional p. Here δ(p) = ϕ(p − 1) − ϕ(p + 1). Computations suggest that the value of the limit in Conjecture 1 is approximately 2%; see Figures 1 and 2. A value for the limiting ratio is proposed in Section 5.
It is also worth pointing out that this bias is specific to the twin primes since the set of primes p for which ϕ(p − 1) − ϕ(p + 1) is positive (respectively, negative) has density 50% as a subset of the primes [3] . That is, if we remove the assumption that p+2 is also prime, then the bias completely disappears. Although only tangentially related to the present discussion, it is worth mentioning the exciting preprint [6] which concerns a peculiar and unexpected bias in the primes.
The Bateman-Horn conjecture
The proof of Theorem 1 is deferred until Section 4. We first require a few words about the Bateman-Horn conjecture. Let f 1 , f 2 , . . . , f m be a collection of distinct irreducible polynomials with positive leading coefficients. An integer n is prime generating for this collection if each f 1 (n), f 2 (n), . . . , f m (n) is prime. Let P (x) denote the number of prime-generating integers at most x and suppose that f = f 1 f 2 · · · f m does not vanish identically modulo any prime. The Bateman-Horn conjecture is
where N f (p) is the number of solutions to f (n) ≡ 0 (mod p) [1] .
If f 1 (t) = t and f 2 (t) = t + 2, then f (t) = t(t + 2), N f (2) = 1, and N f (p) = 2 for p 3. In this case, Bateman-Horn predicts (1.1), the first Hardy-Littlewood conjecture, which in turn implies the Twin Prime Conjecture.
Although weaker than the Bateman-Horn conjecture, the Brun sieve a constant B that depends only on m and D such that
Kx (log x) 2 for some constant K and sufficiently large x. The best known K in the estimate above is K = 4.5 [9] .
An heuristic argument
We give an heuristic argument which suggests that ϕ(p − 1) ϕ(p + 1) for an overwhelming proportion of twin primes p, p+2. It also identifies specific conditions under which ϕ(p − 1) < ϕ(p + 1) might occur. This informal reasoning can be made rigorous under the assumption of the Bateman-Horn conjecture (see Section 4) .
Observe that each pair of twin primes, aside from 3, 5, is of the form 6n−1, 6n+1. Thus, if p, p+2 are twin primes with p 3, then 2|(p−1) and 6|(p+1). We use this in the following lemma to obtain an equivalent characterization of (un)exceptionality.
Lemma 2. If p and p + 2 are prime and p 5, then
Proof. The forward implication is straightforward arithmetic, so we focus on the reverse. If the inequality on the right-hand side of (3.1) holds, then
p since 2|(p−1) and 6|(p+1). For the preceding to hold, the integer ϕ(p−1)−ϕ(p+1) must be nonnegative.
In light of (3.1) and the formula (in which q is prime)
it follows that p is exceptional if and only if p + 2 is prime and 1 2 . This accounts for 31% of the first 100 exceptional pairs. We now make this heuristic argument rigorous, under the assumption that the Bateman-Horn conjecture holds.
Proof of Theorem 1
Assume that the Bateman-Horn conjecture holds. We first prove statement (a) of Theorem 1. In what follows, p, q, r denote prime numbers.
Proof of (a). Consider twin primes p, p + 2 such that 5, 7, 11|(p − 1). Let π 2 (x) be the number of such p x.
Step 1. Since 5 · 7 · 11 = 385, the desired primes are precisely those of the form n = 385k + 1 x such that n + 2 = 385k + 3 is prime.
In the Bateman-Horn conjecture, let f 1 (t) = 385t + 1, f 2 (t) = 385t + 3, and f = f 1 f 2 .
Then Since p x, we must have k (x − 1)/385. For sufficiently large x, the BatemanHorn conjecture predicts that the number of such k is
p=5,7,11
(1 − 2/p)
Step 2. Fix a prime r 13. Let π 2,r (x) be the number of primes p x such that p, p + 2 are prime, 5, 7, 11|(p − 1), and r|(p + 1). The desired primes are precisely those of the form n = 385k + 1 x such that n + 2 = 385k + 3 is prime and r|(385k + 2).
In particular, k must be of the form are both prime, n x, and x − b r 385r .
In the Bateman-Horn conjecture, let
Then N f (p) is as in (4.1) except for p = r, in which case N f (r) = 0. Indeed,
for all t. As x → ∞, the Bateman-Horn conjecture predicts that the number of such is
Step 3. Suppose that p is counted by π 2 (x); that is, suppose that p, p + 2 are prime and that 5, 7, 11|(p − 1). Then 6|(p + 1), 5, 7, 11 (p + 1), and
If the pair p is unexceptional, then Lemma 2 ensures that 1 3
Consequently, r|(p+1) r 13
in which r is prime. Let
Step 4. We want to count the twin primes pairs p, p + 2 with p x, F (p) log(77/72), and 5, 7, 11|(p − 1). To do this, we sum up F (p) over all twin primes p counted by π 2 (x) and change the order of summation to get
in which z is to be determined later. We bound the three summands separately.
(a) If 13 r z, then (4.4) asserts that
uniformly for r ∈ [13, z] as x → ∞. For sufficiently large x we have
(b) If z < r (log x) 3 , we use the Brun sieve and manipulations similar to those used to obtain (4.4) to find an absolute constant K such that
K(x/(135r)) (log(x/(135r))) 2 for sufficiently large x. Since r (log x) 3 , log(x/(135r)) log(x 1/2 ) (log x)/2 holds if x 10 14 . Then (1.1) ensures that
for sufficiently large x. Now we fix z such that 5K/(135(z − 2)) < 10 −9 . Since log(1 + t) < t for t > 0, for sufficiently large x we obtain
(c) Suppose that (log x) 3 < r x. By (4.3), the primes counted by π 2,r (x) lie in an arithmetic progression modulo 385r. Thus, their number is at most
Since log(1 + t) < t, for sufficiently large x we obtain
Step 5. Returning to (4.5) and using the preceding three estimates, we have
for sufficiently large x.
Step 6. Let U(x) be the set of primes p counted by π 2 (x) that are unexceptional; that is, ϕ(p The primes p counted by π 2 (x) which are not in U(x) are exceptional; that is
. By (4.2) and the preceding calculation, for large x there are at least
such primes. This completes the proof of statement (a) from Theorem 1.
Proof of (b)
. This is similar to the preceding, although it is much simpler. As before, p, q, r denote primes. If p, p + 2 are prime and p is exceptional, then 1 2 
p≡1 (mod r)
which shows that there are at least
unexceptional primes at most x.
Conjectured density
Below we conjecture a value for the density of the exceptional primes relative to the twin primes. In what follows, we let P (n) denote the largest prime factor of n and let p(n) denote the smallest. We let µ denote the Möbius function and remind the reader that µ 2 (n) = 1 if and only if n = 1 or n is the product of distinct primes.
Conjecture 2. The density of the exceptional twin primes is
A few remarks about the imposing expression (5.1) are in order. First of all, for each fixed ε > 0, the sum involves only finitely many pairs a, b. Indeed, the condition µ 2 (ab) = 1 ensures that ab is a product of distinct prime factors. The restriction 5 p(ab) P (ab) 1 ε implies that only finitely many prime factors are available to form a and b. In principle, the right-hand side of (5.1) can be evaluated to arbitrary accuracy by taking ε sufficiently small. Unfortunately, the number of terms involved in the sum grows rapidly as ε shrinks and we are unable to obtain a reliable numerical estimate from (5.1).
As a brief "sanity check," we also remark that the limit in (5.1), if it exists, is at most 1. Without the condition ϕ(a) 2a
which precisely offsets the first product in (5.1).
To proceed, we need to generalize the functions F and G that appeared in the proof of Theorem 1. Let ε > 0 and define
Particular instances of these functions have appeared in the proof of Theorem 1 with ε = 1/5 for F ε (called F ) and ε = 1/13 for G ε (called G), respectively.
Lemma 3. For ε > 0, the number of twin primes p x such that
. The same conclusion holds with F ε replaced by G ε .
Proof. The argument is essentially already in the proof of Theorem 1. We do it only for F ε (p) since the argument for G ε (p) is similar. We sum F ε (p) for p x with p, p + 2 prime and use the fact that log(1 + t) t to obtain p x p, p+2 prime
in which π 2 (x; q, 1) denotes the number of primes p x with p, p + 2 prime and p ≡ 1 (mod q). By the usual argument, the number of twin primes p, p + 2 with p x and p ≡ 1 (mod q) equals the number of t x/q such that qt + 1 and qt + 3 are prime. The number of them is, by the Brun sieve,
The Prime Number Theorem and Abel summation reveal that
.
If we let
A ε = {p : p, p+2 prime and
To justify our conjecture, we look at the 1 ε -part of p 2 − 1. We first let ε 0.5. We note that 2|(p − 1), 2|(p + 1) and 3|(p + 1) for all twin primes p 5. For two coprime square-free numbers a, b with 5 p(ab) P (ab) 1 ε , we say that the twin prime p is of 
Note that
Since e −2y < 1 − y < e −y for y < 1 2 , it follows that
hold for all twin primes p x except the ones in A ε (x), a set of cardinality O((log(
) twin primes p x. Thus, the inequality
Let us consider twin primes for which
for all p x with O((log( 1 ε )) −1 π 2 (x)) exceptions, it follows that twin primes p x for which (5.2) holds have the additional property that
Let B ε be the set of twin primes for which (5.3) holds. We make the following additional assumption.
Additional assumption: The number of twin primes p x for which (5.3) holds is O(h(ε)π 2 (x)) for some function h(y) with h(y) → 0 as y → 0.
The assumption (5.3) has been shown to hold when p is only a prime [3] . That is, the number of primes p x such that (5.3) holds is at most O(h(ε)π(x)), where h(ε) tends to zero when ε → 0. In fact, this was a crucial step in showing that ϕ(p − 1) − ϕ(p + 1) has no bias if only p is assumed to be prime.
Proving this for primes uses the Turan-Kubilius theorem about the number of prime factors q y of p ± 1 when p is prime as the parameter y tends to infinity and also Sperner's theorem from combinatorics. With some nontrivial effort, which involves proving first a Turan-Kubilius estimate for the number of distinct primes q 1/ε of p − 1 and p + 1 when p ranges over twin primes up to x, the same program can be applied to prove that the additional assumption holds under the Bateman-Horn conjectures. We do not give further details here. Assume that the additional assumption holds. Then the set of twin primes p x such that
is within a set of cardinality O(h(ε)π 2 (x)) from the set of primes for which
With this assumption, we proceed as in [3, Sect. 2.11]. Fix 1 ε , a, b, and c = c a,b . We also fix a residue class for p modulo c which is not {0, ±1, −2}. In this case we need to count natural numbers of the form abct + κ, in which κ is fixed such that
• abct + κ and abct + κ + 2 are prime,
• abct + κ − 1 are divisible by all primes in a and coprime to cb,
• abct + κ + 1 is divisible by all primes in b (and coprime to ca).
Observe that κ is uniquely determined modulo abc once it is determined modulo c. By the Bateman-Horn conjecture, this number is
We next sum this over all q − 4 progressions modulo q for which abct + κ is not congruent modulo q to some member of {0, ±1, −2} and for all q | c getting an amount of 
Comments
We did not need the full strength of the Bateman-Horn conjecture, just the case r = 2 and D = 1 for certain specific pairs of linear polynomials f 1 (t) and f 2 (t). Under this conjecture, we have seen that ϕ(p − 1) ϕ(p + 1) for a substantial majority of twin prime pairs p, p + 2.
There are a few twin primes p, p + 2 for which ϕ(p − 1) = ϕ(p + 1). The following result highlights the rarity of these twin primes. Proof. Suppose that j and j + k have the same prime factors, let g = (j, j + k), and suppose that j g r + 1 and j + k g r + 1 (6.2) are primes that do not divide j. Then n = j j + k g r + 1 (6.3) satisfies ϕ(n) = ϕ(n + k) [4, Thm. 1]. For k fixed, the number of solutions n x to ϕ(n) = ϕ(n + k) which are not of the form (6.3) is less than x/ exp((log x) 1/3 ) for sufficiently large x [4, Thm. 2].
We are interested in the case k = 2 and n = p − 1, in which p, p + 2 are prime. If j and j + 2 have the same prime factors, then they are both powers of 2. Thus, j = 2 and j + k = 4, so g = 2. From (6.2) we see that r is such that r + 1 and 2r + 1 are prime. Then n = 2(2r + 1) = p − 1, from which it follows that p = 4r + 3 and p + 2 = 4r + 5 are prime. Consequently, r + 1, 2r + 1, 4r + 3, and 4r + 5, are prime. However, this occurs only for r = 2 since otherwise one of the preceding is a multiple of 3 that is larger than 3.
In particular, the number of primes p x for which p + 2 is prime and ϕ(p − 1) = ϕ(p+1) is o(x/(log x)
2 ). Assuming the first Hardy-Littlewood conjecture, it follows that the set of such primes has density zero in the twin primes.
